Abstract: Chaos of a beam on a nonlinear elastic foundation under moving vehicle loads is investigated. A nonlinear vibration equation is obtained using Galerkin method. Occurrence of chaotic motions is analyzed using the method of Melnikov. Effects of system parameters on chaotic region are studied. Poincare maps, phase trajectories and time history curves are also obtained to verify the theoretical result from Melnikov method.
Introduction
Pavement is always modeled by a beam on an elastic foundation. Dynamic responses of such a beam on a linear elastic foundation under moving loads [1, 2] were widely studied. Recently dynamics of a beam or a plate on a nonlinear elastic foundation was also attracted much attention. Lenci investigated chaos of a nonlinear beam on Winkler foundation under axial load using the method of Melnikov and found two different paths from bifurcation to chaos [3] . Kargarnovin obtained response of infinite beams supported by nonlinear visco-elastic foundations subjected to harmonic moving loads using a perturbation method and investigated influences of the load speed and frequency on the beam responses [4] . Kang studied the nonlinear behavior of a beam under a distributed axial load with timedependent terms by Galerkin discretization and spectral balance method [5] . Santee investigated stability of a beam on nonlinear elastic foundation and obtained the critical boundary of system instability with the method of Melnikov [6] . Qiu analyzed the bifurcation and chaos of a circular plate on a nonlinear elastic foundation [7] . Zhang used Galerkin method and numerical integral to research nonlinear dynamics of a Timoshenko beam with damage on visco-elastic foundation [8] . Yang studied nonlinear vibration and singularities of a rectangular thin plate on nonlinear elastic foundation [9] . Xiao investigated bifurcation and chaos of rectangular moderately thick cracked plates on an elastic foundation subjected to periodic load [10] . However, these researches only considered harmonic load with fixed position. Investigation on dynamics of a beam or a plate on a nonlinear elastic foundation under moving loads is seldom found.
Chaos of a beam on a nonlinear elastic foundation under moving vehicle loads is studied in this work. A vehicle-pavement coupling system with a two-DOF nonlinear vehicle and Bernoulli-Euler beam on the nonlinear elastic foundation is built first. And a nonlinear ordinary differential equation is obtained using Galerkin method. Then the critical condition of chaotic motion is derived with Melnikov method and effects of system parameters on chaotic region are considered. Furthermore, the theoretical result is verified by numerical methods, such as Poincare maps, phase trajectories and time history curves. 
Mathematic Model
where m 1 , m 2 are masses of vehicle body and wheel respectively; y 2 , y 1 are respectively body and wheel's vertical displacements; K 1 , K 2 are stiffness of tire and suspension, respectively; C 1 is tire's damping coefficient.
is the harmonic road roughness. F c is a nonlinear skyhook damping force of vehicle suspension. A revised Bingham model is applied here [11] :
here C 2 is the viscous damping coefficient, F y is controlling force and V 0 is the velocity when MRF damping force is zero. The vehicle loads acting on pavement can be expressed as
. The deriving steps to obtain Eq.(3) and expressions of parameters in Eq.(3) are omitted here, which can be found in authors' previous publication [12] .
The vertical vibration equation of the beam on nonlinear elastic foundation under moving vehicle loads can be obtained as follows 
where,
Eq. (7) can be simplified by triangular function transformation, According to singular point analysis, system (11) has only one fixed point O(0,0), while system (10) has three fixed point: O (0,0), A(1,0), B(-1,0) . In phase portrait, point O is a center, and point A and B are saddle points. Since phase trajectories cannot cross a centre, the unperturbed system shows a stable periodic motion and the chaotic motion in the sense of Smale horseshoe cannot exist in system (11). Hence system (10) The Melnikov's function of the heteroclinic orbits (14) is The condition for onset of chaos in the sense of Smale horseshoes can be obtained：
Numerical results
The vehicle-pavement coupling system's parameters are In addition, effects of foundation stiffness K and pavement density M on chaotic range are also studied. It is found that these two parameters' effects are small.
As an example, only the cases of B=0.008 and B=0.8 are investigated numerically in this work. When B=0.008, condition (16) can't be satisfied. The system's Lyapunov exponents are 0, 0, 0，and Lyapunov dimension is 0. When B=0.8, condition (16) is satisfied. The system's Lyapunov exponents are 0.0219, 0, -0.0219, and Lyapunov dimension is 2.9993. Eq. (12) is integrated numerically under the initial condition (-0.8, 0) using four-order fixed step Runge-Kutta method. Fig.3 and Fig.4 show Poincare maps, phase trajectories and time history curves. From Fig.3 and Fig.4 , it can be found that, (1) In both cases, the system's motion may be chaotic for a long time.
(2) When B=0.008 the Poincare maps go to a focus point. Phase trajectories are a series of close orbits and the time history curve decays slowly. This shows that the system's motion is a periodic motion with gradually reduced vibration amplitude. (3) When B=0.8 the Poincare maps go to a strange attractor. The phase trajectories are complicate and irregular, and the time history curve is not periodic. Thus the system's motion is chaotic. 
Conclusions
Chaos of a beam on a nonlinear elastic foundation under moving vehicle loads is investigated with the method of Galerkin and Melnikov's function. Some numerical results are presented as well. It can be concluded from this work that: (1) With the rise of tire damping c 1 and foundation damping C, the chaotic region will be shrunk； while with the rise of tire stiffness k 1 and road roughness B, the chaotic region will be expanded. Hence, in order to enlarge pavement's life span one can rise tire damping c 1 and foundation damping C or reduce tire stiffness k 1 and road roughness B.
(2) When B=0.008m, road's vibration excited by moving vehicle loads changes from transient chaos to attenuated periodic motion and finally disappears. 
